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. LAPLACE EQ. (A) & POISSON EQ. (B)

Q C R™ — open, elliptic equations:

(a) Au(r) = T7, G (2) = 0
(b) Au=f

HARMONIC FUNCTION IN 2
—if u e C?(Q2) and Au =0 in .

EXERCISES

(i) The Laplace operator A is invariant under
rotations A — a matrix of rotation in R” i.e.
A(Au) = Au.

(ii) Assume Q = R™. If u is a radial solution
Au = 0 ie. u(z) = v(r), r |x| then v
satisfies the equation: v” + ”Tl "=0. Then
the radial solutions are u(x) = const

bl =2
v(r) _ ogr +c n
FUNDAMENTAL SOLUTION OF THE LAPLACE EQ.

The function

L log |z| n=2
E(x)=<{ 27
) { e SR
Wp = |Bn(07 1)|
AE(x) =0 in R™\{0}
E € Lj,.(R")
THEOREM

Assume f € CZ(R™) — twice continuously dif-
ferentiable with compact support in R™. Define

u(xz) = E * f(x) = [z, E(y)f(z —y)dy. Then
(i) u e C?*(R")
(i) Au = f in R™ — wu is the solution to the
Poisson equation.

DIVERGENCE THEOREM
Q C R™ - open and bounded, 99 € Ct,
0= (w,...,wn): Q= R" we CYQ)
Jq dividr = [, wndo.

REMARK

Assume u € C?(Q2) and harmonic and let G C Q
and G € C! (smooth). Then

0= [, Audz = [, do.

THEOREM (MEAN VALUE FORMULA)

Assume u € C?(2) and u is harmonic. Then for
every point € Q and r: 0 < r < dist(x,00Q) we
have

IE) = fﬁaB(m,r) ( )dg §B(a: 7‘) )dy

. THEOREM

If u € C?(Q2) and for every point z € Q u(z) =
$oB(xry u(y)do(y) then u is harmonic in Q for

every ball B(z,r) C Q.

THEOREM (MAXIMUM PRINCIPLE)
Assume () is open and bounded. Suppose u €
C?(Q) N C(Q) is harmonic in 2. Then
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(i) maxgu(x) = maxgg u(x)

(i) if © is connected and there exists xg € Q
u(xg) = maxgu(z) then u = const (strong
maximum principle).

REMARK
If Q is unbounded, then the maximum principle
does not need to be true.

COROLLARY
u e CH)NC(N), g € C(09Q), Q is open, bounded
and connected

{

Then, if g > 0 somewhere on 02 then u > 0 eve-
rywhere on €.

in
on 0

Au=0
u=g

THEOREM (UNIQUENESS)
Q — open and bounded, f € C(Q), g € C(99Q),
Poisson equation:

() {

There exists at most one solution u € C*(€2) N
C () to the problem.

Au=f
u=g

in
on 0f2

THEOREM
Suppose u € C%(Q) N C(Q) is solution to (**).
T hen for every y € Q we have

= [, E(z — y)Au(z)dr + fag(u(a:))
y) E(fﬂ—y) Gx(w))do ().

GREEN’S FUNCTION FOR THE REGION {2

G(z,y) = E(x—y)+hy(z), where h,, is a harmonic
function Ah, = 0in Q, h, € C1(Q), E(z —y) +
hy(z) = 0 on 0.

5

(z -

THEOREM (GREEN’S FUNCTION REPRESENTA-
TION OF THE SOLUTIONS)

If w € C?(Q) N CYA) is a solution to (**),
feCQnNL>),yq 6 C’(@Q) and G is Green’s
function for Q then u(y) = [, G( (x)dx +

fag g(x an (x y)do(x).
INVERSION )
z € R"\{0}, o3, = ﬁ—li is called a dual to = with

respect to 0B(0, R). & — «7; is inversion with rep-

sect to 0B(0, R).
R?

|x*| =

GREEN’S FUNCTION FOR A BALL
G(z,y) = E(x —y) — E(lyllz — y*|)

THEOREM -
If u € C?(Q) N C(Q) solves the problem

Au=0

u=g
where g E C((‘?Q) then
uly) = \yl 9@) g

nwn R |z—y[™

in 9B(0, R)
on 9B(0, R)

faBR
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POISSON KERNEL s
The function Kr(z,y) = %
for z € B(0, R), y € B(0, R).

THEOREM (POISSON’S FORMULA FOR THE BALL)
Assume g € C(0B(0, R)) and

y) = faB(o,R) Kr(x,y)g(x)do(x). Then:

(i) uwe C=(B(0,R))

(i) Au=01in B(0,R)

(iif) limy—y, u(y) = 9(v0), yo € 0B(0, R).

EXERCISES

(i) Give another proof with the help of the for-
nwn‘yl faB [ T)|w do(x) that if
u(z)de =

mula u(y) =

u is continuous and u(y fB(y R)

Jon(yr w(@)do(z) then Au =0in Q.

(ii) If w is harmonic in Q then w is analytic in
Q 3, Py — )" = u(y) (f o =
(a1, .., ) then a! = a;!...«a,!).

(iii) Au = 0in B(0,1), u is bounded on B(0,1).
Show that sup,cz(1—|z])|Vu(z)| < C < oc.

THEOREM
Let u be harmonic in Q. Then for every ball
B = B(xo, R) C Q, for every «, |a| = k we have

C(n,k
Du(wo)| < LR [ull L (520, r))-
THEOREM (LIOUVILLE’S)

If u: R™ — R is harmonic (V;ern Au(z)
u is bounded, then u = const.

=0) and

THEOREM
n 2 3, if u is solution to Au = f in R" and u is
bounded, then u = [,, E(x —y)f(y)dy + c.

THEOREM
If (ug) is a sequence of harmonic functions in
u — u then u is harmonic in .

THEOREM
u is harmonic in  C R™ — open, bounded, K C

L C Q — compact subsets of {2, then
C(n,m)

supgc |[D™u| < S @st(r, L) SUPL |ul.

REMARK

If [Jullp=(@) < ¢, then we have supy |D™u| <
C(n,n)

dist(I?,gQ)m supg, |ul.

THEOREM (ARZELA-ASCOLI)

We have f, : K C R” — R (K — compact). More-

over:

(i) fn are uniformly bounded: || fy||1x) < C

(ii) fn are equicontinuous on K i. e.
vsaévm,yEKVneN ||£L’ - y” <4d= ‘f(.’[) -
)l <e.

Then there exists a subsequence f,,, which conver-
ges almost uniformly.
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THEOREM

Let u, be a sequence of harmonic functions

Uy, ©  — R, which is uniformly bounded.

Then there exists a subsequence u,, such that it
converges almost uniformly (uniformly on every
K C Q, K — compact) and the limit function is
harmonic (Au =0 in ).

EXERCISE (HARNACK INEQUALITY)

If we have v — harmonic in Q, u > 0. Q' CcC Q -
open subset of Q (compactly contained in §2),
then there exists C = C(n,Q,Q’) such that
supq u < C'infqr u.

THEOREM

U, are harmonic, w3 < ug < ... < U, < ... (we
have a monotonic sequence of harmonic functions).
Assume that there exists a point yy € ) such that
limy, 00 Un (Yo) = uo.

Then u,, converges almost uniformly and the limit
function is harmonic.

DIRICHLET FUNCTIONAL

Let Q € R™ — open, bounded subset of R", with
smooth boundary (99Q € C!)

1 € C(0R) — given function

Ky ={w:we C*(Q)NCHN) and w|pg = 1} —
class of functions.

We introduce a functional [, [Vu(z)*dz =
E(u)(> 0) — Dirichlet’s functional.

THEOREM (DIRICHLET’S PRINCIPLE)
Assume u € K. The following conditions are equ-
ivalent:

(i) Au=01in Q
(iii) E(u) < E(w) Vuwek,

LEMMA (DU BOIS-REYMOND/FUNDAMENTAL
LEMMA OF THE CALCULUS OF VARIATIONS)

fe L, (Q)and [, f(x)p(z)dr =0 Ygcce (o)
Then f = 0 almost everywhere.

SEABA POCHODNA (WEAK DERIVATIVE)

g,f € L}, (). g jest staba pochodna f (tzn. g =
Do‘f) = Voecg (@)

Jo 1@) D2 p(w)da = (=1)!°1 [ g(w)¢(x)dx

Dla \04| = 1 v¢>ec°°(9)

Jo £( z)de = — [ g(z

UwAGA
Jedli u € C(Q) to staba pochodna=klasyczna po-
chodna.

(x)dz.

UwAGA
Staba pochodna D*f € L} () jest zdefiniowana
z dokladnos$cia do zbioru miary 0.

LEMAT
Jedli staba pochodna istnieje, to (z dokladnoscia
do zbioru miary 0) jest wyznaczona jednoznacznie.

PRZYKLAD
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o f(z) = |z|, z € [-1,1]: slaba pochodna ist-
nieje i jest réwna f'(z) = 2xp0,1] — 1.

e H(x) = X[o,00) Die posiada stabej pochodnej.

PRZESTRZEN SOBOLEWA W1P((Q)
Przestrzen {u € LP(Q) : stabe pochodne

niejg oraz a elP(Q)dlai=1,2,...,n}, p=>
Réwnowazne' normy:

Ou ist-
dz;

o lullip = llullo@) + 30 155
o lullip.o = llullLr@) + IVullLr ()

1
hd ||“||17P7Q— fQ |“‘pd$+zz 1 Q|au| dx)»

TWIERDZENIE
Przestrzenn W1P(Q) wraz z norma || -
przestrzenia Banacha.

Lr(Q)

[1,p,0 jest

PRZESTRZENIE SOBOLEWA W™P(Q))
Przestrzenie Sobolewa w wyzszych wymiarach,
la] < m: {u € LP(Q) : slabe pochodne D*u do
rzedu m wlacznie istnieja oraz D%u € LP(Q2) dla
1=12...,n},p>1, meN.

Norma:

ullmp.0 = [lullze@) + 22 a1<m 1P ullLr (o)

PRZESTRZEN SOBOLEWA H1P((2)
Jest to uzupelnienie podprzestrzeni liniowej

{u e CHQ) : [, ulPde + [, |VulPde < oo} C
C1(Q2) w normie || - [|1,p.0-
PRZESTRZENIE SOBOLEWA H™P (1)
{u € C™(Y) * YXogjajcm Jo | DYuldz < oo} C
C™(2) w normie || - ||m.p.0-
UwAGA
HYP(Q) c Whp(Q).
1,
W,

Jest to domknigcie przestrzeni C§°(Q2) (C Whp)

w normie || - |[[1.p.0. Wo*(Q) # WHP(Q).
UWwWAGA
i(z) = u(z) dla z € Q
=10 dla z € R™\Q

Jedli w € WHP(Q), to @ nie musi naleze¢ do
WLe(R™) (chyba, ze u € W, P(Q)).

TWIERDZENIE
C>(Q) jest gesta podprzestrzenia W1P(Q).

LEMMA

Assume u € WHP(Q) and n € C§°(Q) then nu €
WhP(Q)) and D®(nu) = nD%u + uDy, |a| = 1.
MOLLIFIER © C R™ — open, Q. = {z € Q :
dist(z,00) > e}.

n(x) ={ . exp(rr=1)

n € C5°(2), suppn = m, ¢ > 0 and such that
Jgn ndx = 1.
ne(x) = Zn(%), ne € C3°(Q), suppne = B(0,¢),
Jgn neda = 1.

for x| < 1
for x| > 1
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STANDARD MOLLIFIER
Function 7 if f € L},.(Q).

MOLLIFICATION OF F
fE =7 % f in Qs, if fe LlOC(Q)

fRn n-(z —y) f(y)dy
= Jan W) f(x - y)dy = S =W f (@ -
= Jpae) (@ =) f(y)dy (2 € Qe fixed)

PROPERTIES OF MOLLIFICATION
f € Lloc(Q)'

(a) foe€C™(Q)
(b) f¢— fae. in Q.
(c) if f € C(Q) then f& —

almost uniform convergence=uniform on
every compactly conatined subset V on Q (i.e.
VccQ)

(d) if f € LP(Q) then f¢ — fin L} (Q),

almost uniformly f

THEOREM (LOCAL APPROXIMATION OF SOBOLEV
FUNCTIONS)

Q C R™ — open and connected.
Assume u € WHP(Q) for some 1<
u® = 1 *u. Then u® — uin Wh

loc

in WHP(V) for every V CC Q).

p < oco. Define
?(Q) (convergence

THEOREM (GLOBAL APPROXIMATION)

Q) — open, connected and bounded.

Assume u € WHP(Q) for some 1 < p < oo. Then
there exists a sequence of function u,, € C*(Q)N
W1P(Q) such that u, — uin WhP(Q).

COROLLARY

W1 p(Q) HY?P(Q) (2 is bounded).

WoP(Q) # WP (Q)

But if Q@ = R™ then Wy P(R") = WLP(R™).
WyP(Q) fcompletlon of C§°(€2) in a Sobolev norm
|- Mlwre-

THEOREM (GLOBAL APPROXIMATION UP TO THE
BOUNDARY)

) — open, connected, bounded and 9 € C*.
Assume v € WHP(Q), 1 < p < oo. Then there
exists a sequence of functions u,, € C*(Q) u,, —
u in WHP(Q).

EXTENSIONS OF SOBOLEV FUNCTIONS
u € WHP(Q)

i(x) = { g(“”)

THEOREM

Assume Q C R”, open and bounded, 9Q € C*!,
1 < p < oo, ifu € WHP(Q), then there exists
a linear operator E : W1P(Q) — WLP(R") such
that

ifx e
if z € R*"\Q

(a) E(u) =uon
(b) suppEu C V,V —open and bounded, Q@ CC V
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(e) |[Eullwre@ey < Cllullwir @)
where C = C(n,p,Q,V) > 0.
Function Eu is called the extension of u on
R™.

THEOREM
Let1<p<n,p*:np—fp
C}(R™) the inequality holds:
|[ul| Lo rny < C||Dul|Le@n)
when C = C(n,p) > 0.

> p, for every u €

THEOREM (THE SOBOLEV EMBEDDING THE-
OREM)

Q2 C R", open and bounded, 92 € C!, 1 < p < n.
Then 1f u € WHP(Q) then u € LP" (Q), where

p* = 3 > poand |lullpe ) < Cllullwre),
C = C(n7paQ)'
REMARKS

o 1< p<n WhP(Q) C LV (Q), p* = 2~

n—p
o p>n, WHP(Q) C C¥(Q) (Morrey’s theorem)
o u e Whn(Q) = u e LI(Q), V41 (< ool).

THEOREM (THE RELLICH-KONDRACHOV COM-
PACTNESS THEOREM)

Q2 C R", open and bounded, 90 € C!, 1 <
Then Wl’p CC LY(Q), Vye

is:

p<n.
p*:— that

D,p*)> n—p’

(@) [ullLae) < Cllullwiro)
(b) from every sequence bounded in W1P(£2) we
can choose a subsequence which is convergent

in L9(Q)

ANOTHER VERSION OF THE R-K THEOREM
Q) — open and bounded in R", 1 < p < n, then
W,y P(Q) cc LY(R) for g € [1,p*).

REMARK
The condition (b) is equivalent to:

e the unit ball (open) in WP () is precompact
in L9(Q)

e the closed unit ball in W(Q) is compact in
L2(Q)

e the open unit ball in W1?(Q) is totally bo-
unded in L(Q)

e B — the unit ball in WP (Q):
B ={ueWh(Q): [lullwrro) <1}

d vs>OElm(s)~’£N and functions fl» f27 ) fm(s) €
L9(Q) such that B ¢ U K(fi,¢)
K(fie) = {f € L) Ifi — fllae <<}

ARZELA-AscoLl THEOREM

From every bounded sequence in B., we can
extract a subsequence which is uniformly conver-
gent (on every compact set K C R™). Then the
subseqence is also convergent in L' (V):

e B. is precompact in L*(V)
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e B. is totally bounded in L'(V).

OPERATORY ROZNICZKOWE Lu =
== 2o (X)) )ay + 305, b
lub

== ZZj:l ij (%) U, z; + D iy bi(2)uz, + c(z)u
Wspoélezynniki a;;j, b;, ¢ € L>(Q), u € C%(2) (na

() ug, + c(x)u

razie).
Q C R™ — ograniczony
0 — klasy C*

Zakladamy, ze a;; = aj;.

JEDNOSTAJNA ELIPTYCZNOSC
L jest jednostajnie eliptyczny < Jpso: Veern i dla
prawie wszystkichz € Q 377", a;;()&&; > 0|¢[>.

MODELOWY PROBLEM — ZAGADNIENIE DIRI-

CHLETA

(40k) = { Lu=f

u‘ag =0

w Q CR™ (f np. € L?(Q2))

Bierzemy v € C§°(2) — dowolna, vLu = vf i cal-
kujemy (pierwszy skladnik (1) dodatkowo przez
czedel). Dostajemy Blu, v].

FORMA KWADRATOWA STOWARZYSZONA Z OPE-

RATOREM

B[u v] = PO 1fs2 i (T)Ug, Ve dT 4
1 lfQ T umquz+fﬂ x)uvdx

B: W12()><W12()—>R

UwWAGA B
Jesli u € C2(Q) N C(Q) spelnia (***) =

B[u,v] = (f7U)L2(Q) VUGCSC(Q) = V’UEWOI"Z(Q)'
Uwaca B

Przypusémy, ze u € C?(2) N C(Q) spelnia

Blu,v] = (f,v)re Viece(a) (ewentualnie
Vvewgﬂ(n))-

Wtedy Lu = f p.w. w §, o ile a;; powiedzmy

€ C''i Lu = f wszedzie, gdy wspélezynniki
Jov(Lu — f)dz =0 Vyecge. L oraz f sa ciagle.

SEABE ROZWIAZANIE

Funkcja u € W, ?(Q) jest stabym rozwiazaniem
zagadnienia (***) & Blu,v] = (f,v)r2 Voecge
(r6wnowaznie vvewg'z(ﬂ))'

UWAGA
Tak samo mozna definiowaé stabe rozwiazania
réwnania Lu = f, ujp, = 0, gdy f € (W, Wy 2(9))k

UWAGI PRZED LEMATEM L-M

H — przestrzen Hilberta nad R

(,) — iloczyn skalarny w H

l|lu||? = (u,u) — norma w H

Tw. Riesza: L f € H* = E”w:f(v):(w,v)
B: Hx H— R - dwuliniowa:

e |Blu,v]| < a|ul|||v]| — ograniczonosé

e Blu,u] > fllu||* — dla wszystkich u € H i
pewnej statej 8 > 0 — warunek wymuszania
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TWIERDZENIE (LEMAT LAXA-MILGRAMA)

B : HxH — R —dwuliniowa, ograniczona, spetnia
warunek wymuszania. Wtedy:

VeI uen takie ze Blu,v] = f(v) Vv € H.

PRZYKLAD

H = W,*(9)

(U, )1 = [ D oioy Ua, Vo da = [, VuVoda

(u,v)2 = [o, VuVvdz + [, uvdz

Tloczyny (,)1 1 (, )2 generuja na Wol’2 te samg to-
pologie (maja réwnowazne normy).

WNIOSEK

Jedli L= — 3705 (aij — g, ), +cu — jednostajnie
eliptyczny operator (b; = 0) i ¢ > 0, to zagadnienie
(***%) Lu = f, u € Wy*(Q) ma dokladnie jedno
stabe rozwiazanie u € W, *(Q).

WEAKLY HARMONIC/WEAK SOLUTION

) — open, bounded C R".

Laplace’s equation: Au = 0in Q, u = 0 on 9Q (*).
Wealk formulation: [, VuVdr = 0 Ygeoee(a)-

If w € WH2(Q) and it satisfies (*), we say that u
is weakly harmonic.

u is a weak solution to the Dirichlet problem for
the Laplace equation.

THEOREM (THE WEYL LEMMA)

If u € W2(Q) is a weak solution to the Dirichlet
problem for the Laplace equation then u € C'*°(Q)
and Vu = 0 in the classical sense.

REMARK
The same is true for the Poisson equation, Au =
f € C™(Q). Weak solution is classial solution.

LOCAL WEAK SOLUTION

Q) — open in R".

If u € W2(Q)ioe(Q) and [, VuVedz = 0
V¢ecgo(g), then we say that u is a local weak so-
lution to the Laplace equation (weak solution on
every compact subset).

THEOREM
Ifue Wllof (R™) is locally weakly harmonic and
|Vu| € L%(R™) then u is constant.

CACCIOPPOLI INEQUALITY
B(r) cc B(R) cc 9, B(r), B(R) — concentric
balls. If v € W2(Q) is a weak solution to the
Laplace equation in §2 then

fB(r) [Vu|?de < ﬁ fB(R)\B(r) lu—c[*dx Veer.

HEAT EQUATION

zeR" teR, u=u(z,t)

g — Azu =0

u — heat/density of some quantity, ¢ — time

TueE CAUCHY PROBLEM

(THE INITIAL VALUE PROBLEM) (*)
uy — Azu =0 in R™ x (0, 00)
u(z,0) = g(z) € R™

THE CLASSICAL SOLUTION
A function u € C%(R™ x (0,00) N C(R™ x [0, o0]).
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THE FUNDAMENTAL SOLUTION TO THE HEAT EQ.
The function:

1 —|z|?
E(x,t):{ SRR exp( =)

fort <0

PROPERTIES OF FUNDAMENTAL SOLUTION
(i) for each t > 0 [z, E(zx,t)de = 1 (uniform
integrality with respect to t)
(i) for every ¢ € C§°(R™)
limt—>0+ fRn (p(ﬂ?)E(‘T’ t)daj = ¢(0)
(ifi) B, — AE =0
THEOREM
Let g € C(R™) N L (R™). Define

_ [ Jen E(x —y,t)g(y)dy
u(z,t) = { o)

Then w is a solution to the Cauchy problem (*).

fort=20

NONHOMOGENOUS HEAT EQ.

(THE CAUCHY PROBLEM)

ug(xz,t) — Au(x, t) = h(z,t), e R*, t >0
u(z,0) = g(z), x € R”

u = v + w, where

{ v ot
(s%) = { Zt(l:(ﬁiz h

h e C(R" x (0,00)) N L=(R" x (0,00))
g € C(R™) N L>(R™).

THEOREM

Define a furtlction

’(U(:L’, t) = fo fRn E(l’ - y,t - S)h(ya S)dyds
Then w is a solution to (**).

THEOREM

The Cauchy problem

us — Agu = h in R” x (0, 00)

u(z,0) =g € R™ x {0}

forh € CNL>®, g € CNL™ (h € C3 for simplicity)
has a solution.

(WEAK) MAXIMUM PRINCIPLE

FOR THE HEAT EQ.

Let Qr = Q2 x (0,T), Q C R™ — open.

Assume that u € C?(Q7) N C(Qr) N L2 (Qr) is a
solution to the heat eq. u; — Au = 0 in Q7 then
SUPq, U = SUp,cq u(7,)

info, u=inf,cqu(z,)

UNIQUENESS

The solution to the Cauchy problem

u —Azu=0x€R", t>0

u(z,0) =g(z) z € R, g€ CNL>®

is a unique in the class of functions:
{C%2(R™ x (0,00)) N CR™ x [0,00))
V1>0 SUPRn x [0,7] ¥ < oo}

and

forx e R",t >0

forx € R™,t >0
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ug+Lu=f inwp
(kx%)=<¢ u=0 ondQx][0,T]
u=g onQx{t=0}

given: f: Qr - R, g: Q2 —R
unknown: u = u(z,t)
L — second order partial differential operator

THE DIVERGENCE FORM
L=—- ZZj:l(a” (, t)us,)
c(z, t)u

NON-DIVERGENCE FORM

L = - ZZj:l aij(x,t)uzizj + Z?:l bi(‘r7t>uli +
c(z, t)u

Q) C R™ — open and bounded

Qr =Qx[0,T] € R*F!

u=u(z,t): Qr - R

oy + 2oy b (@, t)ug, +

(UNIFORMLY) PARABOLIC OPERATOR L

If there exists a constant ¢ > 0 such that
Yo a(z, )€ > 0|£|? for every (z,t) € Qr,
& e R™

MOTIVATION
Assume that a%, b', ¢ € L>¥(Qr), f € L*(Q),
g € L?(2) (till the end).

Assume for while that u = wu(z,t) is a smooth
solution up to the boundary. We define a bilinear
form on Wol’Q(Q):

B(uawat) - fQ 1,]= 10’
S b (@, ) ug, + c(z, t)uw]d
for u,w € Wy(Q)
u=u(z), w=w(zx)
(u(-,t), w)r2(0) + Blu(,

NOTATION

(7, g, we;  +

t),w;t) = (f(-,1),

w)Lz(Q)

ﬁ\ @\

[0.7) — Wy ()
(1) € W (@), @(1) () = ula, )

o f:
ft) € L2, (f(t)(z) = f(z,1)

o uy = f— Lu = G(x,t) + (h" (x,t)),, where
G(z,t) = f —cu— 30 blug,
(h¥ (x, t)a; = ZZj:l(aUuZi)%
fe LQ(QT)

o u=u(z,t) € C°Qr) = uec W3Qr) =
u(-,t) € WH(Q)

o (W22Q))* 5 G(o1) = F(,) — el tyul 1) —
20 thug, (+t) € L2(Q)

o (WEH 3 hi(t),, € LA(Q),i=1,...,n
o w(-,t) € (Wy*(Q)*
o u((,t),w)p2) — < u(st);w >
w € W2 (Q), u(-, 1) € (Wa3(Q))*
o if T: [0,T] — Wy(2), then 7 =
u=u(z,t) € L>®(Qr)
g : [0, T] — (W ()"

d—
EU

103.

104.

105.

106.

107.

108.

109.

WEAK SOLUTION TO THE PROBLEM (***)

A function w € L2(0,T;W,3(Q), w €
L2(0,T; (wy*())"). if

< uit('at%w > +B(H(t)7w;t) = (f(t)vw)Lz(Q

for every function w € Wy?(€) and a.e. t € [0,7T].
THEOREM

If u € L20,T;Wy?(Q), tu = uy u €

L2(0, 7 (WE2(@)") then u & C(0,T), WE*(0).

GALERKIN’S METHOD

o {wy}$2, — orthonormal basis in L?(2)
orthogonal basis in Wy"(€2)

e Example: {wy} are eigenfunctiosof T'= —A :
Wy () — L*(©)

e We are looking for w,, such that a.e. ¢

Um(t) = Yoo, df(t)wy and such that
dy,(0) = (g, wy) L2(0) and

< W/(-,t) wg > +B(um(7 ) wk;t)
(f( t) wk)L2(Q k= 1,2,....m

THEOREM
Uy, exists.

THEOREM

There exists a constant C > 0, C =
(Q, T, coeff. of L) such that

maxo<e<r |[Um (5 )l L2(@) + [[Tmll 20, 7w 2 () +
||W/||22(O,T;W01‘2(Q)) < C(HFHL2(O,T,L2(Q)) +
||9HL2(Q))

THEOREM

A weak solution to the problem (***)

exists.

Facr
Weak solution is unique.



